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Abstract 

f^ ' Let T be a triangular algebra. We say that D = {Z3„ : n G N} C L{T) is a Jordan higher 

CN ! derivable mapping at G if D,, {ST + TS) = 'E^+J=n (A {S)Dj (T) + D^ {T)Dj (5)) for any S,T £T 

with ST = G. An element G £ T is called a Jordan higher all-derivable point of T if every Jordan 
higher derivable linear mapping D — {-DnjneJV at G is a higher derivation. In this paper, under 
some mild conditions on 7", we prove that some elements of T are Jordan higher all-derivable 
points. This extends some results in [6] to the case of Jordan higher derivations. 
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1. Introduction and preliminaries 

>' 
O . 

Qs I Let yi be a ring (or algebra) with the unit J. An additive linear mapping 5 from A into itself is 

called a derivation if 5{ST) = S{S)T + SS{T) for any S,T G A and is said to be a Jordan derivation 
Cn ; if S{ST + TS) = S{S)T + SS{T) + S{T)S + TS{S) for any S,T G A. We say that a mapping 6 is 

I--! '. Jordan derivable at a given point G G ^ if 6{ST + TS) = S{S)T + SS{T) + 6{T)S + TSiS) for any 

^D [ S,T € A with ST = G, and G is called a Jordan all-derivable point of A if every Jordan derivable 

mapping at G is a derivation. We say that D = {Dn} C L(A) is a Jordan higher derivable mapping 
at G if DniST + TS) ^ T,i+j=niDiiS)Dj{T) + Di{T)Dj{S)) for any S,T e A with ST = G. An 
element G ^ A is called a Jordan higher all-derivable point of A if every Jordan higher derivable 
linear mapping D = {-Dn} at G is a higher derivation. There have been a number of papers on the 
study of conditions under which derivations of operator algebras can be completely determined by 
C^ ' the action on some sets of operators. In [3], W. Jing showed that I is a Jordan all-derivable point 

of B{l-L) with H is a Hilbert space. In [7], J. Zhu proved that every invertible operator in nest 
algebra is an all-derivable point in the strong operator topology. Also it was showed that every 
element in the algebra of all upper triangular matrices is a Jordan all-derivable point by Z. Sha 
and J. Zhu in [6]. 

With the development of derivation, higher derivation has attracted much attention of math- 
ematicians as an active subject of research in algebras. In [4] Z. Xiao and F. Wei showed that 
any Jordan higher derivation on a triangular algebra is a higher derivation. In this paper we will 
extend the conclusion of [6] to the case of Jordan higher derivations. 

Let A and B be two unital rings (or algebras) with the unit /i, I2, and A^ be a unital {A, 
S)-bimodule, which is faithfull as a left ^-module and as a right S-module. The ring(or algebra) 
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r = { 



a m 
b 



a e A,m e M,b e B}, 



under the usual matrix operations is said to be a triangular algebra. We mainly proved that and 

T \ 

are Jordan higher all-derivable points for any given point Xq G M.. 
U I2 



2. Jordan higher all-derivable points in ring algebras 



In this section, we always assume that the characteristics of A and B are not 2 and 3, and for 
any X ^ A^Y £ B, there are some integers ni, n2 such that ni/i — X and 722/2 — Y are invertible. 
The following two theorems are the main results in this paper. 

Theorem 2.1 Let D = {Dn)neN be a family of additive linear mappings on T that Dq — iDj- 
(identical mapping on T). If D is Jordan higher derivable at 0, then D is a higher derivation. 
X Y 



Proof. For any T = 







Dn{ 



X Y 

z 



e T, we can write 



5i^{X) + ^l\Y) + tI\Z) 5i\X) + ^iHY) + tI\Z) 







6f{X) + ^f{Y)+Tf{Z) 



where 5]^ : A -^ Aij, (pl^ : M ^> Aij, t^ : B -^ Aij, I < i < j < 2 are additive maps with 
All = A, A12 — A4, A22 = B. It follows from the fact Dq = iDj- that when i = j = 1, Sq = iS_4,, 



else Sn = 0; when i = 1, j = 2, ip^^ = iipM, else tp^ = 0; when i = j = 2 , t^ = iT^, else Tq = 0. 



We set S = 



TS^ 



XW 




" 


w ■ 








. So 





and T = 



X 




for every X e A, W e M. Then 5r = and 



pi\XW) ^i\xw) 
vfixw) 



E ( 

2+j— n 



p\\W) ^f{W) 
pf{W) 



Dn{ST + TS)= E {D,{S)D,(T) + D,(T)Dj{S)) 

i-\-j—n 



s]Hx) s]Hx) 







sr{x) 



Sl\X) 5Y{X) 
SfiX) 







11/ 

' ^f{W) 



4 



E 



This implies that 



^}\w)s]\x) + siHx)p]^{w) pI\w)s]\x) + s}\x)^]^{w) 

+^}'iW)6fiX) + SPiX)^fiW) 







pf{W)SfiX) + Sf{X)^f{W) 



pI\XW)^ ^ i^l\W)S^\X)+Sl\X)pfiW)), 

i-\-j—n 

pl'iXW)^ J2 ipl\W)6^'iX) + 6l\X)pfiW) + priW)6fiX) + 6riX)^fiW)), 



(1) 

(2) 



i+j— n 



and 

i-\-j—n 

for any X ^ A, W ^ M. One obtains that 



i-\-j—n 



(3) 



(4) 



(5) 



i-\-j—n 



by taking X = /i in Eq. (1) and Eq. (3). Now we prove the fact that (pi^{W) = and (p^{W) = 
by induction on n. When n = 0, it is easily verified that (pQ^{W) — and (^g^(VF) — from the 
characterizations of ipQ^ and ip'^'^. When n = 1, (^p(H^) = and (p'j^iW) = can be obtained by 
the proof in [6, Theorem 2.1]. We assume that ifm(W) ~ and (p'^{W) = for all 1 < tti < n. 
In fact, by the Eq. (4) and S^^ ^ id a, we have ipi^{W) = ^i^W) + ^i^W) = 2ipi^{W). Thus 
(fil^iW) = 0. Similarly combining Eq. (5) with the fact that (5g^ — 0, we can get ip'^{W) = 

for any W £ M and n e N. For any X e A, W e M and Y e B, setting S = „ ,, and 



Y 



T = 



X 




then ST = 0,TS = 



XW 




One gets 



viHxw) 





DniST + TS)= E iD,iS)D,iT) + D,iT)D,iS)) 

i-\-j—n 



E ( 



rl\Y) ^\'{W)+tI^{Y) 

rP(r) 



5f{X) 5f{X) 



5f{X) 



+ 



SfiX) 



\Y) ^f{W)+T}HY) 
Tf{Y) 



)• 



Hence the following three equations hold 

Y {Tl\Y)5f{X) + 5l'{X)T]\Y))^0, 



i+j=n 



<\XW) 



^(rf(y)<5f(X) + <5f(X)rf(y))=0, 

i+j=n 

: E {Tl\Y)5f{X) + ^f{W)5f{X) + TP{Y)6f{X) 

i-]-j—n 



+6l\X)^f{W) + 5}^{X)Tf{Y) + SlHxypiY) 
for any X <E A, W E Ai. One can see that 

J2 {T}\Y)5f{h)+5]^{h)T}\Y))=Q 

i-\-j—n 



(6) 
(7) 

(8) 
(9) 



by taking X = Ii in Eq. (6). Using Eq. (9) and induction, one has t^^{Y) ~ for every n £ N. 
Similarly taking F = /2 in Eq. (7), by inducting and using the fact that Tq'^{Y) = 0, we get 
Sl^{X) = for every n£ N and X e A. 



We can obtain that 



J2 {SlHX)TJ'iY)+6PiX)rf^iY))^0 

i-{-j—n 



(10) 



by Sf{X) = 0, T/i(r) ^ and taking VK = in Eq. (8). 

By Eq. (2) and the fact that Sl^{X) = 0, (pi^{W) = 0, ifl^iW) = and (pl^ = iipM, we have 



<P. 



l,Hxw)= J2 slHxWfiw). 



(11) 



i-\-j—n 



We claim that S — {5^^ : n G N} is a higher derivation on A. In fact, wc know that Si is 
a derivation by Theorem 2.1 in [6]. It fohows that ^^(XiXa) = 6l^{Xi)X2 + XiSl^{X2) for any 
Xi,X2 in A. Now we assume that 6}jl{XiX2) = J2 Sl^{^i)Sj^iX2) for any 1 < m < n with 

i-\-j—m 

m ^ N. Sumniing up Eq. (11) and (pQ^ — i(pM^ we get 



^mxi{X2W))= E s}\Xi)^f{X2W) 

i-\-j—n 

= E s}HXi)siHx2)w + E 5}HXi)slHx2UHw) 

i+e—n 'i+e+/c— n,/c>0 

for any Xi , X2 £ »4 and W £ M. On the other hand 

(pl2((XiX2)I^) - E <5,"(XiX2)(^f(I^)+(5ll(XiX2)I^ 

E <5ii(^i)'5^^(^2)^f(W^) + <5ii(XiX2)I^ 

e-{-k-\-j—n,jX) 



(12) 



(13) 



for any Xi,X2 S ^ and VK G A^. Combining Eq. (12) with Eq. (13), we get [Sl^^{XiX2) - 
E <5P(Xi)Jii(X2)]I^ = 0. Since Mis faithful, we get 5ii(XiX2)- E S}\Xi)S]^X2), i.e. 



e-\-i—n 



i-\-j—n 



5 = {(5„ : n G A^} is a higher derivation. 



Letting S 
X eA. Then ST = TS = 0. So wc get 



-X-^VKF 
Y 



andT 







for any Y £ B, W £ Ai, and invertible 








^aa{ST + TS)= E {D,{S)D,{T) + D,{T)D,{S)) 

i-\-j—n 



E ( 

i-\-j—n 



-^P(x-ii^y) + r/2(y) 

rfHY) 



5}Hx) s}Hx) + ^]^w) 



s}\x) sr{x) + ^p{w) 





-ipY{X-^WY)+Tl^Y) 







rfHY) 



The above equation implies that 



0= J2 [SlHX)i-^fiX-'WY)+rj'iY)) + i6l'iX) + ^mW))Tf^Y)]. (14) 

2+j— n 



By replacing W by \W in the above equation, dividing the equation by A and letting A — > +00, 
we obtain that 

0= E [-SlHX)vfiX-'WY) + ^l^iW)rf{Y)]. (15) 

i-\-j—n 

So we can get 

0= E [-SV{h)'pfiWY) + ^l^{W)Tf{Y)] (16) 

i-\-j—n 

by setting X — Ii in the above equation. Since 6 = {S},^ : n G TV} is a higher derivation, (5^^ (/i) = 
when n > 1. It follows from Eq. (16) that 



<pI'{WY)= Y: ^nW)rf'{Y). 

i-\-j—n 



(17) 



We claim that t — {t^ : n G N} is a higher derivation on B. In fact, by the proof of [6, 
Theorem 2.1] we know that ri is a higher derivation. This implies that Ti'^{YiY2) — tP(Yi)12 + 
YiTf^{Y2) for any Yi,Y2 G B. We now assume that T^iYiY2) = J2 ^^(^1)^^ (^^2) for all 

i-\-j—m 

1 < m < n with m ^ N. It follows from Eq. (17) that 



^iHWY,Y2) = ^i^{W{Y,Y2)) 
Wr^HY,Y2)+ E vJHW)Tf{Y,Y2) 

i-\-j—n.j<n 

WtI\Y,Y2)+ E v\\W)Tf{Y,)Tl''{Y2) 



(18) 



for any Yi,Y2 G i3 and W e M. On the other hand by Eq. (17) and the fact that A^ is a (A, 
/B)-bimodule, we have 

viHWY,Y2) ^ ^iH{WY,)Y2) 



^ E ^}HWY,)rp{Y2)= E ^l'{W)riHY,)Tf{Y2) 

i-l-j—n e-\-k-\-j—7i 



(19) 



w E rf(yi)rf(r2)+ E ^i2(w^)rf(ri)rf(r2). 

k-\-j—n e-\-k-\-j—n.eX) 



Combining Eq. (18) with Eq. (19), we get W[t^'^{YiY2) - E ^^^ 0^1)^^ iY2)]W = 0. Since M 



k-\-j—n 



is faithful, we get rf (FiFa) = E TP(Yi)rf (Fa) 

i-\-j—n 



Now we prove that {Dn)neN is a higher derivation. For any S = 



Xi Wi 
Fi 



,T 



^2 1^2 

Fa 
results and using the definition of D„, we obtain that 



G T, where Xx,X2 G A^ Wi,W2 G Al and Yi,Y2 G B. Summing up the above 



D„{ST) = D^{ 
SI 



X1X2 X1W2+W1Y2 
Y1Y2 

Hx,X2) si^x,X2) + ipiHXiW2 + W1Y2) + t^HYiY2) 

r^HYiY2) 



and 



E D.iS)D,{T)= E ( 

2+j— n i-\-j—7i 



rf(ri) 



5]HX^) SfiX^) + ^i2(vt/2) + r]HY^) 







rf(i^2) 



'^iH^i^2) E (<5,"(Xi)<5i2(X2) + <5ii(Xi)rf (y^) + <5f (Xi)rf (y^) 



i+j— n 







rf(ny2) 



by Eq. (17) and the fact that both 5 and r arc higher derivations. So I? is a higher derivations if 
and only if the equation 

5}?{XiX2) + ^]?{XiW2 + W1Y2) + t}^{YiY2) 
= E {5l'{X,)5f{X2) + 5l'{X,)r]\Y2) 

i+j=n 



+ Sf{X,)Tf^Y2) + Tl^Y^)Tf{Y2)) + iplKXlW2 + W,Y2) 



holds. 



We get that t^^(/2) = 0(n > 1) from [4, lemma 2.2]. So we can write 

61?{X)^- Y: Sl'(X)r}'(l2) 

i-{-j—n 

by setting F = /2 in Eq. (10). Letting X = Ii in the above equation, one gets (5^^(/i) = — t^^(/2). 
So 

(20) 

(21) 



Si'iX)^ E S}\X)6fih) 



i-\-j—n 



Similarly by taking X ~ Ii in Eq. (10) and noting the fact Sl^^{Ii) = 0(n > 1), we have 



r}.HY) = - E SJHhyriY). 

i-\-j—n 

Thus it follows from Eq. (20) and Eq. (21) that 

SiHX,X2) + r},^iY,Y2)= E S}HX,X2)S]'ih)- E 'jP(/i)rf (FiF^) 



i-\-j— 71 



i-\-j—n 



k-\-l-\-j— 71 

On the other hand 



E si\x^)slHx2)df{h)- E <5P(/i)rf(ri)r22(r2) 



i-\-k-\-l— 71 



E {S}HXi)S]HX2)+S}\X,)rl^{Y2) + Sr{X,)rf^{Y2)+Tl^{Y,)Tf^(Y2)) 



i-hj—n 



(22) 



= E E s}Hx,)sl\X2)slHh) - E E <5P(Xi)5f (/i)rf2(r2) 

i-\-j—n k-\-l—j i-\-j—n k-\-l—j 

E E 5l\X,)5r{h)rf{Y2)- E E -5ii(/i)rrm)rf(r2 



i+J— n k+l—i 



i-\-j—n k-\-l—i 



(23) 



E 5]\X,)5l\X2)5r{h)- E -5f(/i)rf(yi)rf(r2). 



2+^ + ^ — ^ 



J + fc + ^ — ^ 



Thus combining Eq. (22) with Eq. (23), we arrive at 

= E (-5,"(Xi)<5f(X2)+<5,"(^i)rf(r2) + <5P(Xi)rf(r2) 
+T/2(Yi)rf (1-2)) + ^i'(^iW^2 + VKiFa). 
Finally we obtain the desired result. 

Theorem 2.2 Let D = {Dn} be a family of additive mappings on T that Dq = iD-y. If D is 

h ^0 



Jordan higher derivable at G 

Proof. We set S 

and Y eB. Then ST ^ G and TS 



X 
Y 



h 
and T = 



, then D is a higher derivation. 

for every invertible element X £ A 
so we obtain 



Y-^ 

h X-^XoY 
h 



+(^ii(Xo + x-iXoy) 




+^]^{X^+X-^X^Y) 
25f{h) + ^f{X, + X-^X,Y) + 2rf (/2) 



^ D„{ST + TS)= E (A(S)I?,(T)+A(T)I?,(5)) 

-i+j— n 



E ( 



6f{X)+rP{Y) 



S]\X-^) + ^]\X-^Xo) 



6f{X-^) + vf{X-^X„) 



<5f(X-i)+^f(X-iXo)+rf(y-i) 



Sj\X-^) + ^j\X-^Xo) 



SmX-^)+^}\X-^Xo) 



6]HX)+rl^{Y) S]HX)+TJHY) 







6f{X)+Tf{Y) 



<5f(X-i) + ^f(X-iXo)+rP(r-i) 
)• 



3 '^ ' ' 3 
So according to the above matrix equation, we get 

25l\h) + 2Tl\h) + ^i\Xo + X-^XoY) 

- E mHx) + TlHY)){6]Hx-') + v]Hx-^Xo) + rjHY-')) 

i-\-j—n 

+{s}Hx-^) + ^lHx-^Xo) + rlHY-^mHx) + TlHYm 



(24) 



i-\-j—n 

+{SIHX) + TP{Y)){5f{X-^) + ^f (X-i^o) + Tf{Y-^)) (25) 

+(<5ii(X-i)+^,P(X-iXo)+r/i(y-i))(5f(x) + rf(r)) 
+{5]\X-^)+^f(X-^X,)+TmY-^))(5f{X) + rf{Y))], 



(26) 



2<5f (/i) + 2rf (/2) + vf{Xo + X-iXoF) 
- E [(<5P(X) +rf (y))(<5f (X-i) +^f (X-iXo) +rf (y-i)) 

-i+j— n 

+(<5f(X-i)+^f(X-iXo)+rf(y-i))(5f(X) + rf(r))]. 
We claim that (5p(/i) = t;^^(/2) — (^Jj^(Xo) = when n > 1 . In fact, we could obtain 
25i\h)+2Tl\h) + ^l\Xo+Xo) 

= E mHh)+rl\h)){5Y{h)+^f{X,)+r]\h)) (27) 

+ (<5iiai) + ^."(^o) +r/H/2))(<5ji(/i) +r/i(/2))] 

by setting X ^ h and Y = h in Eq. (24). When n = 1, the result that 5"(/i) = ^-^"(/a) = 
ipY{Xo) = holds according to the [6, Theorem 2.2]. So we assume that (5^(/i) = T^^ih) = 
(^i^i(Xo) == for all 1 < m < n, TO e iV. Combining Eq. (27) with the fact 5l^{Ii) = /i, To"(/2) = 
and using the induction hypothesis, we have 

25l\h) + 2TlHh) + 2^11(^0) - <5ii(/i) + rl^ih) + S^Hh) + r^^ih) 

+25i\h) + 2Tl\h)+2^i^{Xo). 

Hence 6]^{Ii) + r^^^ih) — 0(n > 1). Similarly we also can set that X = Ii and F = — J2 in Eq. 
(24). Using the induction hypothesis, we get 5}^{Ii) — r^ih) = —(pl^{Xo). Summing up the 
above equations we get 2(5" (/i) = -2t"(/2) = 93" (Xo). 

Setting X = i/i and Y = I2 in Eq. (24) and using (5"(/i) + r^ih) = 0, we have 

i-\-j—n 

+ {26}Hh)+rlHl2) + 2^}\XomS]Hh)+rjHl2))]. 

Thus combining 2(5p(/i) = — 2t,j^(/2) = ip}^^{Xo) with the assumption and using (5q^(/i) = /i, 
one obtains 

3^ii(^o) = U^5i\h) + rl^h) + 2^ii(Xo)) 

+2{5]^{h) + Tl\h)) + 2{5l}{h)+T\\h)) . 

+ \{25}^{h)+T}^{h) + 2^l}{X,)) 



So ifil^iXo) = 'iSiHh) + 5t^1(/2). We can claim that Sl,Hh) = r^^ih) - 'filHXo) - 0. Hence the 
Eq. (24) can be rewritten into 

(28) 

+ {5}HX-') + V'lHX-^Xo)+rlHY-'))i6}HX) + rjHY))]. 

Similarly by setting X — Ii and F = /2 in Eq. (26) and using the induction, we can get 
5f{h) + rl^h) = 0. We also can obtain 5f{h) ^ T^^(h) = vf{Xn) = if we take X^h and 
Y = i/2 in Eq. (27). Thus 

^f{X-^X,Y)^ E PP(X)+rf(y))(^f(X-iXo) + rf(r-i)+<5f(X-i)) 

(29) 
H5?{X-') + vf{X-'X,) + rf{Y-^)){5f{X) + Tf{Y))]. 

We take X ^ h and F = /2 in Eq. (25), then we can get 5l^{Ii) + T^'^ih) = 0. Letting 
respectively Y ^ I2 and 1" — ^/2 in Eq. (25) and using the above equation we have 

^i^Xo + X-^Xo)^ E [6}HX){S}\X-^) + ^]HX-^Xo)+rj^{l2)) 

i-\-j—n 

HSnX) + rPihWfiX-^) + 'pfiX-'Xo)) 

+{Sl\X-') + ^l\X-^Xo)){df{X) + rfih)) (30) 

+{5l\X-^) + ^P(X-iXo) + TP{h))6f{X)] 

+5}?{X) + r}^{h) + 5i^{X-^) + ^iHX-^Xo) + r}^{h), 

^]?{X, + lX-^X,)= E [5]\X)(5f{X-^) + ^f{X-^X,) + 2rf{h)) 

i-\-j—7i 

HsFix) + \rl\hWf{x-') + ^fix-'xo)) 

+ (<5P(X-i) + ^}^{X-^Xo)){5]HX) + \r]^{l2)) (31) 

+ (<5P(X-i) + ^P(X-iXo) + 2rP{h))5f{X)] 

+26l\X) + Tl\h) + \5l\X-^) + y^{X-^Xo) + Tl\h), 
which implies that 

i-\-j—n 

+ \TlHh)(5f{X-^) + vf(X-^X,)) + \{51HX-^) + ^iH^-^^o))rf (/2) 
-r/2(/2)5f (X)] - 5}?(X) + i<5i2(x-i) + i^i2(x-iXo). 



So 



i-\-j—n 



Thus we get 



+rP{h)^f(X-^Xo) + vJHX-'Xo)rj^{l2)] + ^A^X-') (32) 

= E [S}HX)rp{h)+rPih)5fiX)]+S}^HX). 

\ E [Tr{h)5f{X)+5}\X)rf{h) 

i-{-j—n 

+TP{h)vf{XX,) + ^}\XXo)TJ^h)] + i<5i2(x) (33) 

= E [S}\X-^)TJHh)+TP{h)6f{X-^)]+6iHX-^) 

i-\-j—n 

for any invertiblc X ^ Ahy replacing X~^ by X in Eq.(32). It follows that 

m E [rP{l2)Sf{X) + SJHX)TJHl,) 

+TlHh)^f{XXo) + ^}HXXo)r}^{l2)] + 'AHX)] 

+\ E [rr{i2)^f(x-^x,) + ^]^{x-^x,)T]Hh)] 

i-\-j—7i 

= E [SlHX)T}Hl2)+rlHl2)SfiX)]+Si^{X). 

i-\-j—n 



So 



i[ E [TlHi2)5f{x) + 5lHx)TJHi2)] + 6iHx)] 

i-\-j^n 

+ 1 E [rPil2)vf{XXo) + ^lHXX,)T}^{I,)] 

-i+j— n 

+ k E [r/2(/2)^f(X-iXo) + ^ii(^-^^o)rf(/2)] 

-i+j— n 



E [TlHi2)sf{x) + s}Hx)TJHi2)] + 6}?{x) 

i+j—n 



for any invertible X € A. 

Similarly by letting X ^ Ii and X ~ 2/i in Eq. (25), it is easily checked that 

y.i'{Xo + XoY)= E [r/i(r)(^f(Xo)+rf(y-i) + <5f(/i)) 

i-\-j—n 

+ (^P(/i) + r/2(y))rf (r-i) + r/i(r-i)(5f (/i) + rf (y)) 
H'PFiXo) + rPiY-') + SPih))rfiY)] 
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(34) 



(35) 



i-\-j—n 

+ {2S}Hh)+TlHY))Tf{Y-^) + rlHY-'){26}Hh)+TJHY)) 



(36) 



which imphes that 



i-\-j—n 

-Tl\Y-^)5f{h) + i(^P(Xo) + 5lHh))Tf(Y)] + \rl^\Y) tIHY~^). 



(37) 



By considering Eq. (28) and lp]^{Xq) = and letting X = Ii and X = 2/i respectively, it is 
easily verified that 

^iHXoY)= E [rlHY)rjHY-') +rlHY-')TJHY)] + 2r^,HY-') + 2r^,\Y), .gg) 

i-\-j—n 

l^i'{XoY)= E [rl'{Y)TJ^{Y-^) + Tl^{Y-^)r}HY)]+KHY~')+T^HY). (39) 

When n ~ 0, Tq^{Y) = 0. When n = 1, Tj'^^(y) = according to [6, Theorem 2.2]. We assume 
that T^(Y) — for any Y E B and 1 < m < n. So combining Eq. (38) with Eq. (39) and using 
the induction hypothesis, we have 

^l,HXoY)^2T^\Y-') + 2r^,\Y), (40) 

i^ii(Xoy)=4r,ii(r-i)+r^i(r). (41) 

By direct computation, one can verify that t^i^{Y^^) ~ 0. There exists n G N such that n/2 — Y 
is invertible for any Y E B and T^^{l2) — 0, so t^i^{Y) — for any Y E B . 

When n = 0, Sq-^{X) = for any X E A. By [6, Theorem 2.2], we can claim that When 
n — 1, (5p(X) = 0. So now we assume that S'^{X) = for all 1 < m < n and X & A. Taking 
respectively Y — I2 and Y = 2/2 in Eq. (29) and using t,^^(/2) = 0,n > 1, Tq^ ~ irg we have 

vl^{X-^Xo)^ E [SfHX){Sf{X-^) + ^f{X-^Xo)) 

i-\-j—n 



+{^f{X-^Xo) + 5f^X-^))Sf{X)] (42) 

+26l'iX) + 2^f{X-^X,) + 25f{X-^), 



and 



2^f{X-^X,)= E [^\X){5f{X-^) + ^f{X-^X,)) 

i-\-j—n 

+ {^f{X-^Xo) + Sf{X-^))5f{X)] (43) 

+dlHX) + A^f{X-^X,) + A5f{X-^). 
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Combining the assumption and the above equations, we have the fohowing equations: 

-^fiX-'X„) = 2SfiX) + 2<5f (X-i), 
-2^22(^-1^^) ^ ^22(^) ^ 4<5f (X-i). 

By direct computation, one can verify that S'^{X) — for any invertible X <E A and n <E N. 
Because there is some integer n such that nli — X is invertible for every X lE A, the conclusion of 
Sl^{X) = holds for every X € A. 

X xw 

Y-^ 



We set S = 



and T = 



Y 

M, and for any invertible X e A, then ST ^ G and TS 



for any Y <E B, W € 



h X-^X^Y 
h 



So combining 



'^n^(-^i) + T^^ih) = with the characterization of -D, we obtain the following when n > 1 



^]^{X-^X^Y) ifi^iXo + X-^X„Y) 

^22(^-1^^5.) 



Dn{ST + TS)= E iMS)Dj{T) + D,{T)D,{S)) 

i+j=n 



- E ( 

i-\-j—n 



5l\X) + ^]^{XW) 5l\X) + ^I'iXW) + r/2(r) 
Tf{Y) + vf{XW) 



SfiX-^) + ^]i(X-iXo - WY-^) 8f{X-^) + (^f (X-iXo - WY-^) + rf (F) 







rf (r-i) + ^f (x-iXo - T^r-1) 



TP(r-i) + ^f(x-iXo-VFy^i) 



J" (X) + ^]\XW) 6f {X) + ^f {XW) + rf (Y) 



Tf{Y) + ^f{XW) 

which implies the following three equations 

^i\X-^X,Y)^ E m\X) + ^\XW)){5]\X-^) + ^f{X-^Xo-WY-^)) 

i-\-j—n 

{5l\X-^) + ^\X-^Xo WY-^)){5Y{X) + vYiXW))], 



(44) 



^i2(Xo + x-^x,Y) ^ E [K"(x) + ^]\xw)){5f{x-^) + ^f (x-i^o - T^r-i) + rf (r-1)) 

-i+j— n 

+(<5i2(X) + vf{XW) + rl\Y)){Tf{Y-^) + ^f (X-i^o - WY'^)) 
+{5l\X-^) + ^}HX-^Xo - WY-^m\X) + v]HXW) + r]\Y)) 



+((5f (X-i) + vf{X-^Xo WY-^) + Tl^{Y-^)){Tf{Y) + vf{XW))i 



(45) 
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(46) 



+(TP(r-i) + <^f (x-i^o - wy-^)){tP{y) + ^f{xw))]. 

Now we take X = 2/i and Y ^ I2 in Eq. (44) and Eq. (46), it is checked that 

i-\-j—n 
i-hj—n 

+ {rF{h) + vf{\X^ W)){Tf{h) + 2^f{W))\. 

By the fact that 8^^{Ii) = 0(n > 1), r22(/2) = 0(n > 1) and </?,\H^o) = 0, ¥^22(^0) = for 
any n > 0, it follows that 



= 2^ii(W^)+4 Y. ^"W^fW, 



= 2^22(W^)+4 ^ ^f(W-)^f(W^). 

i+j— n 

When n = 0, (/sJ^W^) = ¥'o^(W^) = 0, When n = 1, (/?}HM^) = ^f^) = 0, So we assume 
that i^^(VF) = 'Pmi^) = for all 1 < m < ri and W £ Ai. Combining the above equation with 
the assumption, we get that ip}j^{W) — (p'^{W) = for all 1 < m < n. 

By setting respectively Y = i/2 and y = /2 in Eq. (45), the following two equations hold 

^iHXo + ^X-^Xo)= E [6}HX){6f{X-^) + ^]HX-^Xo-2W) + 2r}Hh)) 

i-\-j—n 

+SIHX-^){S}^(X) + vf{XW) + irf (/2))] + 251^{X) (47) 

+2^'^{XW) + r}^{h) + \5l\X-^) + \^;^{X-^X, 2W) + T}^{h), 
(^i2(Xo+X-iXo)= E [6l\X){5f{X-^) + vf{X-^X,-W)+Tf{h)) 

i-\-j—7i 

+Sl\X-^){Sf{X) + ^f{XW) + rfih))] + 5]?{X) (48) 

+^'r?{XW) + rl^ih) + 5i\X-^) + ^iHX-^Xo -W)+ r^,Hh). 
Which implies that 

-i^mx-^Xo)= E [-siHx)^f{w) + siHx)T}^{i2) 

i-\-j—n 

+ '^6lHX-^)rjHl2)]+6lHX) (49) 

+viHXW) - '^S^^HX-') - i^,\2(x-iXo). 
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It follows from Eq. (34) and the fact S^f{X) ^ ipl^{W) = (p„{W) = 0, we have 

Sl'iX) ^- J2 Sl\X)rj^ih). (50) 

i-\-j—n 

Hence combing Eq. (49) with Eq. (50), we can see that 

i-\-j—n 

for any invertiblc X E A. There exists some n G N such that nli — X is invertible for every 
X G A, one can check that 

vl,'{XW)= ^ Sl\X)^f{W) (51) 

i-\-j—n 

for any X G A. 

Now we take respectively X = Ii and X = 2/i in Eq. (45), one gets 



+ {5l\h) + V?{Xo WY-^) + r/2(y-i))rf (r)] + 5}?{h) (52) 



^iHXo+'^XoY)= E [(2<5P(/i) + 2^P(W^)+r/2(y))rf(y-i) 

i-\-j—n 

+(i<5P(/i) + ^P(iXo - WY-^) + r/2(r-i))rf (y)] + Si^h) (53) 

+2^i2(iXo - WY-^) + 2r^2(y-i) + s}^Hh) + \r}SY) + ^^{W), 
which implies that 



(54) 



i-\-j—n 

msPih) + ^P(Xo))rf (y)] + ^1?{WY-^) ri2(y-i) + ^-r^^Y). 
Combining the above equation with Eq. (37) and the fact t^^{Y) = 0, we get 

E [-SJHh)Tf{Y-^) + i^f (/i)rf (y) + i^P(Xo)rf (y)] + ir^2(y) _ ^^2(y-i) 

i-\-j—n 

- E h<5r(/i)rf(y-i) + i<5f(/i)rf(y) + i^,P(Xo)rf(y)] 

i-\-j—n 

- E 'plHW)rf{Y-^) + ^r},HY)-r^HY-^) + ^iHWY-^). 

i-^j—n 

(55) 



So 



^^'(W^^-^)= E ^r(W^)-f(>^-')- (56) 

-i+j— n 
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Replacing Y hy Y ^ in the above equation, we obtain for any invertible Y E B 

^n{WY)= J2 ^rWrf(y). (57) 

i-\-j—n 

Since there is some integer n such that n/2 — 1" is invertible for every Y E B, it is easy to see that 
Eq. (57) is true for every Y <E B and W E Ai, Summing up Eq. (54) and Eq. (56), we obtain that 

Y: Sr{h)rf{Y-')+Tl\Y-') = \[Y, 5l\h)rf{Y)+rl'{Y)]. (58) 

i-\-j—n i-\-j—n 

Thus 

Y: 8r{h)rf{Y)+rl^{Y) = 1[ J] ^^(/Orf (y-^) + r,f (y-^)] (59) 

i-\-j—n i-\-j— 71 

by replacing Y~^ by Y in the Eq. (58). Combining Eq. (58) with Eq. (59), we can obtain 

In: Sr{h)rf^Y'') + r:^'{Y-')]^2[Y: Sr{h)T^'{Y-') + r^^'{Y-% 

i-\-j—n i-\-j—n 

So using the direct computation, we can claim that 

r,f(n = - E ^l'il^)-rin (60) 

i+j—n 

Now summing up all the above equations and using similar arguments as that in the proof of 
Theorem 2.1, it is easily checked that both {S^^jneN and {r^^}„gAr are higher derivations. There- 
fore it is also an easy computation to sec that {Dn}neN is a higher derivation. □ 
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